The problem is to draw a circle using only the curveto. For most circles four curves are required. For a 
circle with a radius of 234 points the maximum error is 0.2657 pixel at 300 bpi. 
The Bézier curve in equation space is: 


c=alP+bl+et+2 
e—-e,=aP+bl+et 


When ¢ = 1 then # = x3. 
wg—atj=al®4+bl+el 


Solve for c. 
c= -—a—b—2x4+ 243 


The equation for the circle is: 
r= (a — te) +(y— Ye)” 


The center of the circle is at the point [a., ye]. 


[t 0, z TO, Y Yo, Ye yo] 


r= (9 — a)” + (Yo — Yo) 


Solve for x,. 


e—-e=abP+be + (-—a—b—#9+ 43) 


t 
e—xj=tla(t? 1)+6(¢ 1) ao + x3) 


The Bézier curve in terms of x3 is: 
e+t(ao — #3) — Xo =t(a(t?-1) + 6(t—1)) 


t(wo #3) +e—a =t(at+at+b\(t-L 
z=at(t—1)(¢4+1)+6t(t—-1)4+t(e3— 29) + 20 


The slope of the Bézier curve is: 


@ ar 1)+6(2t 1)— a+ 43 
dt 

3 (#1, —@) = -—a-—b-—ay 443 

3 (#3 —%2) =2atb—x+x3 


a@=—-%4+32,-3 29+ 23 


b= 3(ao —2 41 + £2) 


The Bézier curve in terms of the control points is: 


@ = (-% +3 4,-3 rot aes)t(t(- lL (t+ 1) 43 (eo —2 a 4+ %2)t(t-— 1) +t (e3—- &) 4+ x0 


r= t? (xo 3%, +3 to — #3) 3 t? (xo 2 @, +42)+3 (41 — 4&0) 4+ x0 


y=? (yo-3 9 +3 yo — ys) +3 (yo -—2 y+ y2) +3 t(M — Yo) + Yo 


X 

For the circle the following is true: aie 
1 = Lo 

3 =o —-7T 


Y2 = Ys 


¥3 = Yor 


+ x0,y0 


The Bézier curve for the circle is: 


z= —ri?+3 t? (29 —22)4 3 t? (zo— 20) + 20 


y=rt?(3—2t) +3 (41 — yo) +6 7 (yo —m1) +3 t(y1 — yo) + Yo 


We need more information to fit the curve to the circle, so let the curve and the circle touch halfway around 
the arc. Also let the curve be symmetrical. The point halfway around is [a4, ya]. 


resm-rtrain (3) 
4:=209-r+rsin a. 


‘ oe 
Ya:= Yo +r sin (=) 


tq = —r tp +3 t} (xo — v2) +307 (a2 — 20) +20 


(r (/2t3 — V2 + 1) +3. V2t3 x0 (1 — ta)) 
ve (6¢3 (1 — ta) 


yg = 7 t2(3—2t4) +3 t3 (yr — yo) +6 #3 (yo — 1) +3 ta (M1 — Yo) + Yo 


7 gl 2v2ts — 3 v2t4 + 1) +3 V2ts yo (2 -— 2t4 + 1)) 
ats (6 ta (4 — 2t4 +1) 


Since the curve is symmetrical the following is true. 


LQ = 


Yi — Yo = 2 — #3 


Yi — Yo = %2 — (ao — 1) 
Yi =P — Xo + X2+ Yo 
py bv2ta to (t] —2t4 +1) —r (V2t3 - 3.203 + 3 V2ta— 1)) 
(6t4 (t7 — 2t4 + 1)) 


fpr a vats — 3 V2t4 + V2ts (v2 ~ 1) + v2 — 1) 
(6 t2 (#2 — 2t4 + 1)) 


t2Q = 


0= 


2 


Solve for t. 


1 
t4= 3 
Solve for x2 and y,. 
r(4V2-7) 
LQ = 3 Bigg) 
4r(V2~—1) 
Y= 3 vT Yo 


The equation of the curve is: 
w= ao—rt? (2¢(2Vv2—3) -4v2 47) 
y=rt(2e (2v2 3) Ht (11 8 v2) L4v2 4) + yo 


The relative error of the fit to the circle is e. 


e= 1 


The slope is zero at the maximum value of the error. 
de 

an 0 

0 =1 (34 — 24 V2) (12 4-30 +26 2-94 +1) 


There are five solutions for t. 


#=0 


1-1 
~ 9 
t=1 


The maximum error is: 


e = 2.72530007427705490170511 * 107-4 


This is an example of a large circle. 


r = 234 
Eo = 539.8953 
yo = 485.4492 


234 (4.72 — 
By= ° ( ve u + 539.8953 


£2 = 435.129931460405655226126 


234 (v2 ~ 1) 
3 


=4 + 485.4492 


y1 = 614.683831460405655226126 


The error in pixels at 300 bpi is: 


25er 


a 0.265716757242012852916248 


